ABSTRACT. In the paper, we obtain a congruence modulo p 3 among Euler numbers E p−1 , E 2p−2 , and Fermat quotients Q 2 , Q a where p = a 2 + 4b 2 .
Introduction
Let p be an odd prime number, ζ p = cos The main technical result of this paper describes the expansion of ζ p by the powers of such element π.
Ì ÓÖ Ñ 1º Let p be an odd prime and let π be as above. Then 
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where
The following theorem gives relationship between Euler numbers and Fermat quotients.
2 be a prime, p ≡ 1 (mod 4), and let
) and the following congruence holds
Auxiliary lemmas
For the remainder of the paper we will denote by B 2j the Bernoulli numbers, by B 2j (X) the Bernoulli polynomials and use the following additional notation:
and
Ä ÑÑ 1º Let p be an odd prime and k be a natural number. Then
where Ä ÑÑ 3º We have
It remains to use Lemma 2 to infer the congruence (1).
CONNECTION BETWEEN FERMAT QUOTIENTS AND EULER NUMBERS
Ä ÑÑ 4º The following congruences are valid:
P r o o f. Use Lemma 3 and congruences
Ä ÑÑ 5º The following six combinatorial identities hold
Ä ÑÑ 6º The expressions L(k) and P (k), where
are equal.
P r o o f. We proceed by induction to verify that
After tedious computations using Lemma 5 we obtain
To end the proof, it is necessary to prove the identity
Using induction again, it is enough to show that
The last equality is a corollary of the identities 2 and 6 from Lemma 5.
Proof of Theorem 1
In 
During expanding each side and comparing the corresponding coefficients the following sum
we can write
where the general summand
can be expressed using the sums of three types Comparison of coefficients at π k+1 for k = 1, . . . , p − 3 gives the system of congruences
where A, B are numbers from Lemma 1.
. . , p − 3 to get a nonhomogeneous system of linear equations in indeterminates y k with the nonhomogeneous parts of the kth equation equal to P k1 + P k2 + P k3 + P k4 , where
Direct computation gives that the expressions
2 ) are particular solutions of the nonhomogeneous system corresponding to P k1 (respectively, P k2 and P k3 ).
Rewrite P k4 = (mod π 3(p−1)+1 ),
